
 ベクトル解析 ―― 便利な公式⼀覧
□ 、 、 、
□ （スカラー定数）
□  ⽅向への単位ベクトル︓

 ■定義︓内積（スカラー積）

 ■定義︓外積（ベクトル積）

 ■基本公式

 ■定義︓ナブラベクトル

 ■微分公式

A = ( ,   ,   )Ax Ay Az B = ( ,   ,   )Bx By Bz C = ( ,   ,   )Cx Cy Cz 0 = (0,  0,  0)
ϕ = const.
x,  y,  z ,   ,  ex ey ez

A ⋅ B = + +AxBx AyBy AzBz

A × B = ( − ,   − ,   − )AyBz AzBy AzBx AxBz AxBy AyBx

= ( − ) + ( − ) + ( − )AyBz AzBy ex AzBx AxBz ey AxBy AyBx ez

A ⋅ A = = + +A2 A2
x A2

y A2
z A × A = 0

A ⋅ B = B ⋅ A A × B = −(B × A)

ϕ(A ⋅ B) = (ϕA) ⋅ B = A ⋅ (ϕB) ϕ(A × B) = (ϕA) × B = A × (ϕB)

A ⋅ (B + C) = (A ⋅ B) + (A ⋅ C) A × (B + C) = (A × B) + (A × C)

A ⋅ (B × C) = B ⋅ (C × A) = C ⋅ (A × B) (A × B = − (A ⋅ B)2 A2B2 )2

A × (B × C) = (A ⋅ C)B − (A ⋅ B)C (A × B) × C = (A ⋅ C)B − (B ⋅ C)A

∇ = ( ,   ,   ) = + +
∂

∂x

∂

∂y

∂

∂z
ex

∂

∂x
ey

∂

∂y
ez

∂

∂z

∇ ⋅ A = divA = + +
∂Ax

∂x

∂Ay

∂y

∂Az

∂z

∇ × A = rotA = ( − ,   − ,   − )∂Az

∂y

∂Ay

∂z

∂Ax

∂z

∂Az

∂x

∂Ay

∂x

∂Ax

∂y

= ( − ) + ( − ) + ( − )∂Az

∂y

∂Ay

∂z
ex

∂Ax

∂z

∂Az

∂x
ey

∂Ay

∂x

∂Ax

∂y
ez

∇ ⋅ (A + B) = ∇ ⋅ A + ∇ ⋅ B

∇ × (A + B) = ∇ × A + ∇ × B

⇔ div(A + B) = divA + divB

⇔ rot(A + B) = rotA + rotB

∇ ⋅ (A × B) = B ⋅ (∇ × A) − A ⋅ (∇ × B) ⇔ div(A × B) = B ⋅ (rotA) − A ⋅ (rotB)

 三⾓関数 ―― 便利な公式⼀覧

 ■周期性

 ■対称性と平⾏移動

 ■級数展開

 ■基本公式

sin (α ± 2π) = sinα

cos (α ± 2π) = cosα

tan (α ± π) = tanα

sin (−α) = − sinα

cos (−α) = cosα

tan (−α) = − tanα

sin(α + ) = cosα
π

2

cos(α + ) = − sinα
π

2

tan(α + ) =
π

4

 1 + tanα 

 1 − tanα 

sin(α − ) = − cosα
π

2

cos(α − ) = sinα
π

2

tan(α − ) =
π

4

  tanα − 1 

  tanα + 1 

sin (α + π) = − sinα

cos (α + π) = − cosα

tan(α + ) = −
π

2

1

tanα

sin (α − π) = − sinα

cos (α − π) = − cosα

tan(α − ) = −
π

2

1

tanα

sinα = α − + − + ⋯
α3

3!

α5

5!

α7

7!

cosα = 1 − + − + ⋯
α2

2!

α4

4!

α6

6!

tanα = α + + + + ⋯
1

3
α3 2

15
α5 17

315
α7

(ただし、− < α < )π

2

π

2

α + α = 1sin2 cos2

⟹   α + 1 =tan2 1

αcos2

sin (α ± β) = sinα cosβ ± cosα sinβ

cos (α ± β) = cosα cosβ ∓ sinα sinβ

⟹   tan (α ± β) =
tanα ± tanβ

 1 ∓ tanα tanβ 

sinα + sinβ = 2 sin( ) cos( )
α + β

2

α − β

2

sinα − sinβ = 2 cos( ) sin( )α + β

2

α − β

2

cosα + cosβ = 2 cos( ) cos( )α + β

2

α − β

2

cosα − cosβ = −2 sin( ) sin( )
α + β

2

α − β

2

tanα ± tanβ =
  sin (α ± β) 

  cosα cosβ 

sin (2α) = 2 sinα cosα

cos (2α) = α − αcos2 sin2

= 2 α − 1 = 1 − 2 αcos2 sin2

⟹   tan (2α) =
2 tanα

 1 − α tan2

α = (1 − cos 2α)sin2 1

2

α = (1 + cos 2α)cos2 1

2

⟹   α =tan2  1 − cos 2α 

 1 + cos 2α 

⟹  cos (2α) =
 1 − α tan2

1 + α tan2

sin (2α) =
2 tanα

 1 + α tan2

a sinα + b cosα = sin (α + ϕ)+a2 b2− −−−−−√

ϕ = {
(b/a)tan−1

(b/a) + πtan−1

（a ≥ 0 のとき）
（a < 0 のとき）



 ■逆関数

 ■級数展開

 ■微積分

□ ︓積分定数

□ ︓積分定数

□ ︓積分定数

 ■ワイエルシュトラスの置換
□  のみの有理式（たとえば、  とか）の積分では、次の変数変換が、
とても有効です。この変数変換は、「ワイエルシュトラスの置換」などと呼ばれています。

sin ( α) = α ,  sin−1

cos ( α) = α ,  cos−1

tan ( α) = α ,  tan−1

(sinα) = αsin−1

(cosα) = αcos−1

(tanα) = αtan−1

(−α) = − αsin−1 sin−1

(−α) = π − αcos−1 cos−1

(−α) = − αtan−1 tan−1

α = − αsin−1 π

2
cos−1

sin ( α) =cos−1 1 − α2− −−−−√

sin ( α) =tan−1 α

1 + α2
− −−−−√

cos ( α) =sin−1 1 − α2
− −−−−√

cos ( α) =tan−1 1

1 + α2
− −−−−√

tan ( α) =sin−1 α

1 − α2
− −−−−√

tan ( α) =cos−1
1 − α2
− −−−−√
α

α = α + +sin−1 1

2

α3

3

1

2

3

4

α5

5

+ + + ⋯
1

2

3

4

5

6

α7

7

1

2

3

4

5

6

7

8

α9

9

α = − αcos−1 π

2
sin−1

（ただし、−1 < α < 1 ）

α = α − + − + − ⋯tan−1 α3

3

α5

5

α7

7

α9

9
（ただし、−1 ≤ α ≤ 1 ）

sinα = cosα
d

dα

cosα = − sinα
d

dα

tanα = = 1 + α
d

dα

1

αcos2
tan2

α =
d

dα
sin−1 1

1 − α2
− −−−−√

α = −
d

dα
cos−1 1

1 − α2
− −−−−√

α =
d

dα
tan−1 1

1 + α2

C

∫ sinα dα = − cosα + C

∫ cosα dα = sinα + C

∫ tanα dα = − ln | cosα | + C

C

∫  dα = ln( ) + C
1

sinα

1

2

 1 − cosα 

 1 + cosα 

∫  dα = ln( ) + C
1

cosα

1

2

 1 + sinα 

 1 − sinα 

∫  dα = ln | sinα | + C
1

tanα

C

∫ α dα = α α + + Csin−1 sin−1 1 − α2− −−−−√

∫ α dα = α α − + Ccos−1 cos−1 1 − α2− −−−−√

∫ α dα = α α − ln + Ctan−1 tan−1 1 + α2− −−−−√

sinα,   cosα 1/(1 + cosα)2

u = tan( ) ⟹  dα = du およびα

2

2

1 + u2
sinα = , cosα = ,

2u

1 + u2

 1 −  u2

 1 +  u2

u = , =
sinα

 1 + cosα 
u2  1 − cosα 

 1 + cosα 

 双曲線関数 ―― 便利な公式⼀覧

 ■定義と基本公式  ■逆関数

 ■微積分

□ ︓積分定数

sinhx =
  −  ex e−x

2

coshx =
  +  ex e−x

2

tanhx = =
sinhx

coshx

  −  ex e−x

  +  ex e−x

coshx + sinhx = ex

coshx − sinhx = e−x

x − x = 1cosh2 sinh2

sinh (α ± β) = sinhα coshβ ± coshα sinhβ

cosh (α ± β) = coshα coshβ ± sinhα sinhβ

tanh (α ± β) =
tanhα ± tanhβ

 1 ± tanhα tanhβ 

sinh (2α) = 2 sinhα coshα

cosh (2α) = 2 α − 1 = 2 α + 1cosh2 sinh2

sinhx = x + + + + ⋯
x3

3!

x5

5!

x7

7!

coshx = 1 + + + + ⋯
x2

2!

x4

4!

x6

6!

tanhx = x − + − + ⋯
1

3
x3 2

15
x5 17

315
x7

sinh ( x) = x ,  sinh−1

cosh ( x) = x ,  cosh−1

tanh ( x) = x ,  tanh−1

(sinhx) = xsinh−1

(coshx) = xcosh−1

(tanhx) = xtanh−1

xsinh−1 = ln(x + )+ 1x2− −−−−√

= ( )cosh−1 + 1x2− −−−−√

= ( )tanh−1 x

+ 1x2
− −−−−√

xcosh−1 = ln(x + )− 1x2− −−−−√

= ( )sinh−1 − 1x2− −−−−√

= ( )tanh−1
− 1x2

− −−−−√

x

x = ln( )tanh−1 1

2

1 + x

1 − x

sinh ( x) =cosh−1 − 1x2− −−−−√

cosh ( x) =sinh−1 + 1x2− −−−−√

tanh ( x) =sinh−1 x

+ 1x2
− −−−−√

tanh ( x) =cosh−1
− 1x2

− −−−−√

x

sinhx = coshx
d

dx

coshx = sinhx
d

dx

tanhx = = 1 − x
d

dx

1

xcosh2
tanh2

x =
d

dx
sinh−1 1

+ 1x2
− −−−−√

x =
d

dx
cosh−1 1

− 1x2
− −−−−√

x =
d

dx
tanh−1 1

1 − x2

C

∫ sinhx dx = coshx + C

∫ coshx dx = sinhx + C

∫ tanhx dx = ln (coshx) + C


